CLASSICAL AND QUANTUM FAMILY ALGEBRAS OF THE FUNDAMENTAL
REPRESENTATIONS OF gl,

NHOK TKHAI SHON NGO

ABSTRACT. In this note we study the so called family algebras of the fundamental irreducible representations
of gl,,. We describe certain distiguished elements of these algebras, called M-elements.

1. INTRODUCTION

1.1. Classical family algebras. Alexander Kirillov in his papers [4] and [5] introduced a new class of algebras
Cu(g) (the so called classical family algebras) which are related to irreducible representations of Lie algebras.
These algebras proved to be useful in different problems of representation theory and mathematical physics.

Let G be a reductive Lie group and let g be its Lie algebra. Assume that B: g x g — C is an invariant
non-degenerate bilinear form on g. For example, if g is semisimple, then one can choose B to be the Killing
form.

Let (m,,V,) be the irreducible representation of g with the highest weight ;1 of dimension d(p) = dimV,.
Observe that End V,, possesses a natural structure of a G-module. Indeed, the acion of G on EndV, is given
by the formula

g A=mu(g)Am.(9)~"

Besides that, the adjoint action Ad of the group G on the corresponding Lie algebra g gives rise to the G-action
on S(g). Thus, EndV, ® S(g) is also a G-module. Finally, define the algebra C, as

(L.1) Cu(g) = (EndV, ® S(g))°.

The algebra C),(g) is called the clasical family algebra (see [4, [5]).

Since B is an invariant non-degenerate bilinear form on g, it produces a canonical isomorphism of G-modules
g and g*. Hence, there is a corresponding isomorphism of G-modules S(g) ~ S(g*). Thus, one can think of
C.(g) as of G-equivariant polynomial maps from g to End V},. In other words, one can regard C,(g) as a subset

of d(p) x d(p) matrices A = {Aij};-i’(j’i_) 1, whose entries A;; are polynomial functions on g, and which satisfy the
equality

(1.2) T.(9)Am,(g)~! = Ao Ad(g) for all g € G.
Here Ao Ad(g) is a d(p) % d(p) matrix whose (4, j)-entry equals A;; o Ad(g).

1.2. Quantum family algebras. Recall that the universal enveloping algebra U(g) of the Lie algebra g possess
a natural G-action. Thus, one can consider the quantum analogues of classical family algebras by taking the
universal enveloping algebra U(g) instead of symmetric algebra S(g). In other words, we define the algebra
Quu(g) as (see [5])

(1.3) Qu(g) = (EndV,, @ U(g))“.

We call Q,(g) the quantum family algebra. Similarly, Q,(g) can be described as an algebra consisting of
d(p) x d(p) matrices {A;;}, whose entries belong to U(g), and which satisfy the identity

(1.4) mu(9) "t Amu(g) = Ad(g)(A).
Here Ad(g) is the entry-wise adjoint action of G on Mat(d(u) x d(w),U(g)).

Remark 1.1. Note that condition (1.4) in the quantum case differs from ([1.2)) in the classical case. The reason
is that the elements C,(g) can be identified with certain matrix-valued polynomial maps on g, whereas there is
no similar description of Q,(g).

We also refer to family algebras, both classical and quantum, as to Kirillov algebras.

1.3. M-elements and their characterstic identities. Here we recall several constructions from the theory
of family algebras (see [4] and []).
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1.3.1. Classical case. Suppose that X1,..., X,, and X!,..., X™ are dual bases of g with respect to B(-,-). For
any A € C,(g) define
0A

D(A) = ZMXZ') X

One can check that this definition is actually independent of the choice of basis X1,..., X,,.

Remark 1.2. Here % means the derivative of A (it is a polynomial matrix-valued function on g) in the

direction of X; € g.
The following fact was proved in [I3, Proposition 5.2] (see also [5], Theorem M]).
Proposition 1.1. D is a linear operator acting on C,(g).

Note that the algebra of g-invariant polynomials on g naturally embeds in C,(g) as subalgebra of scalar
matrices. Thus, the proposition above implies that for any g-invariant polynomial P € C[g]?, the element D(P)
belongs to C,(g). We denote Mp = D(P) and call Mp as M-element that corresponds to P € Clg]|®.

Example 1.1. One important special case of this construction is when P = C = }_, X; X" € C|g]* is a quadratic
invariant polynomial, i.e. the quadratic Casimir element. Then we have

Mo = Z%(Xi) - X
=1

For example, consider the case when g = gl, and 1 = w; (see Section 2 for the notations), i.e. when 7, is the
standard vector representation of gl,. We have C' = Z? j=1Ti;*;; and hence

T11  T21 Tni

T12 T22 Tn2
Mo = "

T1in Ton e Tnn

1.3.2. Quantum case. In the quantum case we do not have differentiation, but we can use the comultiplication
structure on U(g).
Let A: U(g) — U(g) x U(g) be the algebra homomorphism defined on g as

AX)=X®14+1®X for any X € g.

Following Kirillov we define the homomorphism d: U(g) — Mat(d(u) x d(p),U(g)) as the composition § =
(m, ®id) o A. In particular, for X € g we have

I(X)=mX)®l+1c X.
Denote by Z(U(g)) the center of U(g). Now for any A € Z(U(g)) define the element M4 as
My =<-(0(A) -7 (A) @1 -1 A).

Since the map ¢ is G-equivariant, the element M4 belongs to Q,,(A). We proved the following fact.
Proposition 1.2. For any A € Z(U(g)) the element M4 belongs to Q,(g).

As in the classical case, we also call M4 as M -element which corresponds to A € Z(U(g)).
Example 1.2. Similar to the classical case assume that A € Z(U(g)) is the quadratic Casimir element, i.e.
C=>%,X;X"e Z({U(g)). Then, we have

Me =) m/(X;) @ X".
i=1

Remark 1.3. Notice that this formula coincides with the corresponding formula in the classical case if we use
the identification of C,(g) with algebra of matrix-valued polynomial maps on g.

As in the first case, assume that g = gl,, and 4 = wy. Then, we have C' = szzl E;jF;; and

Ey Eyr ... B

MC — E12 E22 “ee ETL2

Eln E2n R Enn
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1.3.3. Characteristic identities for M -elements. It turns out that M-elements satisfy certain identities of Cayley-
Hamilton type. Namely, the following statement holds.

Proposition 1.3. (a) For any P € C[g]® there is a polynomial of degree d(u) with coefficients in Clg]® which
annthilates Mp € C,(g).

(b) For any A € Z(U(g)) there is a polynomial of degree d(u) with coefficients in Z(U(g)) which annihilates
My € Qu(g)-

Observe that this fact is trivial in the classical case because we can simply take the characteristic polynomial
of Mp. However, in the quantum this is far from trivial. Moreover, one do not expect the existence of Cayley-
Hamilton type identity for an arbitrary matrix with non-commuting entries.

1.4. Connections with algebraic geometry. It is known that the classical family algebra C,, (gl,,) which
corresponds to the k-th fundamental representation of gl, is isomorphic to the GL,-equivariant cohomology
ring of Gr(k,n). Moreover, the similar fact holds for many other classical family algebras, e.g. for those
corresponding to minuscule (or weight multiplicity free) representations. This relation between classical family
algebras of minuscule representations and equivariant cohomology was discussed in [I1], Section 6].

The quantum family algebras can be regarded as quantizations of classical ones. However, it is unclear if
there is any connection between quantum family algebras and, for example, quantum cohomology of algebraic
varieties.

1.5. Results. In this paper we are studying Kirillov algebras (both classical and quantum) for the special case
g = gl,, and g = wy. In other words, we study algebras that correspond to the fundamental representations of
gl,,, i.e. to the exterior powers of the standard representation of gl,,. These representations are minuscule, i.e.
they are weight multiplicity free (see [11]). It is known that for such representations the corresponding family
algebras are commutative (see [4, Theorem 1], [5l, Theorem S], [10, Propositions 1 and 2] for more details).

1.5.1. Structure of C,, (gl,,). We describe the algebra C,, (gl,,) in terms of generators and relations and also
as a certain subalgebra of the polynomial algebra. Namely, we prove that C,, (gl,) is isomorphic to the
Sk X 6, _g-invariant part of C[ty,...,tg, tgt+1,...,tn]. The corresponding isomorphism is closely related to
the “diagonalization homomorphism” described in Subsection 3.4.

1.5.2. D-operator in C,, (gl,). For any distinct elements ¢ and j of the set {1,2,...,n} denote by s;; € &,
the transposition of elements ¢ and j. Here G, is the n-th symmetric group, i.e. the group of permutations of
the set {1,2,...,n}. Then, one can define the following linear operator (the divided difference) on the algebra
C[tl, e ,tn]:

= siif

0;;(f) = =—— for all f € C[ty,...,ts].
ti—t;
Here we use the following notation: for any o € &,, we denote (o f)(t1,...,tn) = f(to-1(1), - to-1(n))-
Since Kirillov algebra C,, (gl,,) is isomorphic to C[ty,. .., tk, trksts---,tn] ¥ *S7—* we can define the action

of D-operator on the latter. It turns out that one has the following explicit formula:

k
(D) (b1, ta) = <Z aﬁ) D+ X o)

1<i<k

k+1<j<n
We prove this formula in Subsection 3.5. Our proof uses direct computations, explicit formulas of generators
and the diagonalization homomorphism.

1.5.3. Cayley-Hamilton identities for Casimir M-operator in Q,, (gl,,). We find analogues of Cayley-Hamilton
idenities for Casimir M-operator in quantum family algebra. These can be seen as generalizations of the
well-known Capelli’s identities (see also [I4] and references therein).

1.6. Contents. The present paper is organized as follows.

In Section 2 we fix the notation, revise the relevant information about reductive Lie algebras and their
universal enveloping algebras. We also discuss the fundamental representations of gl,,.

In Section 3 we discuss the classical case. We describe C,, (gl,,) in terms of generators and relations and prove
the explicit formula for D-operator We use this formula to obtain relations between M-elements of invariant
polynomials in C[gl,,].

In Section 4 we discuss the quantum case. We discuss general algorithm for finding the characteristic identity
for M-elements and obtain the explicit formulas in the case of quadratic Casimir element.

Finally, in Section 5 we discuss some open questions about classical and quantum family algebras.

1.7. Acknowledgements. This work was done during the rotation in Hausel research group at Institute of
Science and Technology Austria (ISTA) under the supervision of Tamdas Hausel.
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2. PRELIMINARIES FOR THE CASE g = gl,, AND p = wy,
In this section we fix the notations and state several facts about the fundamental representations =, of the

Lie algebra gl,,.

2.1. General facts about complex reductive Lie algebras. Recall that for any complex reductive Lie
algebra one has the root space decomposition:

(2.1) g="b0 P g,
aER

where R is the associated root system of g. Denote by Ry (R_) the set of positive (negative) roots in R. Then,
we get the so called triangular decomposition of g:

(2.2) g=n_ehon,,

where b is the Cartan subalgebra and ny = ) . Ry Ja are nilpotent subalgebras which correspond to posi-
tive and negative root spaces, respectively. This and the Poincare-Birkhoff-Witt theorem yield the following
decomposition of U(g):

(2.3) U(g) =n_-U(g) ®U(h) ® U(g)ny.

In particular, one can define the projection of U(g) onto U(h). Since h is a Cartan subalgebra in g the
universal enveloping algebra U(h) is isomorphic to the symmetric algebra S(h). Thus, one can define a map
I': U(g) — S(bh). This map is called the Harish-Chandra homomorphism.

Let p be the half-sum of all positive roots, i.e.

(2.4) p=5 > a

aERy

Recall that the twisted Weyl group W is the Weyl group W of the root system R conjugated by the translation
by p in h*. In other words,

W:{Tgloworp:wEW},

where 7,: h* — h* is the translation by p, i.e. 7,(A) =X+ p.
The map T is closely related to the center Z(U(g)) because of the following fact.

Theorem 2.1. The restriction of T to Z(U(g)) is an injective algebra homomorphism, whose image consists
of W-invariant part of U(h) ~ S(b).

For any A € h* we denote by xx: Z(U(g)) — C the central character on Z(U(g)) that corresponds to a
weight A € b*. Then, the Harish-Chandra map I' satisfies the following property:

(2.5) I(A)(A) = xa(4)

for any A € Z(U(g)) and X € bh*.
We refer the reader to [T, Chapter 7, 7.4] and [12, Chapter VI, 23.3] for more information about the Harish-
Chandra isomorphism.

2.2. Triangular decomposition of gl,. We apply facts stated in Subsection 2.1 to the case g = gl,,.
Denote by {E;;}7 j—1 the standard basis of gl,, consisting of matrix units. In particular, elements E;; satisfy
the relations

(2.6) [Eij, Bri] = 01 B — 01 B

We choose Cartan subalgebra b in gl,, to be the subalgebra of diagonal matrices, i.e.
h=span{E;; : 1 <i<n}

and choose positive roots in such a way that

(2.7) n_ =span{E;; : i > j}, ny =span{E;; : i < j}.

It is not difficult to show that in this case p € h* acts on b as

n

= n4+1-—2i
(2.8) p (; hiEii) = Z — h;.

i=1

The Weyl group W in this case is isomorphic to the symmetric group &,,.
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2.3. Invariant form on gl,. In case g = gl,, we choose form B to be B(X,Y) = tr(XY). It is clear that B is
an invariant non-degenerate bilinear form on g = gl,. Denote by z;; the coordinates on g that correspond to
basis {Ei;}}';_;, i.e. z;; € g* such that for any X € gl,,

X =3 ay(X)- By,

ij=1
or equivalently
1’11(X) xlg(X) .’Eln(X)
.’1?21<X) LL’QQ(X) a',‘gn(X)
X = e e . e
Tp1(X) zp2(X) ... oo zpe(X)

Clearly, for any X,Y € gl,, we have

B(X,Y) =Y ai;(X)z;i(Y).
ij=1
In particular, the basis of gl,, dual to {£;;}7';_; with respect to B is {Eji}}';_;.
2.4. Notations and conventions. Fix positive integers n and k such that 0 < k < n. Let Z; be the set of all
k-element subsets of the set {1,2,...,n}. It is clear that |Zy| = (Z) Let {e1,ea,...,e,} be a standard basis of
V = C". For each I € T, where I = {iy,...,ix} and 41 < ... < ik, denote by ey the element e;; A...Ae;, of
the k-th exterior power of V. Clearly, the elements {er} ez, form a basis of AF(V).

Recall that if V' is considered as a standard gl,-module with the highest weight w;, then V,,, = A (V) is a
simple gl,-module with the highest weight wy. The action of gl,, is given via the formula

(2.9) T (X) (V1 Ava Ao Avg) = (T (X)) Ava Ao Ao+ oo+ Avg A A (T, (X)vk)
for any X € gl,.
In particular, for matrix units {E;;}7;_; of gl,, and basis {e;}]; we have
€, lfj = l,
0, ifj#L
Now define the coefficients ¢;;(J, I) for any I,J € I, and i,j € {1,2,...,n} via the identity:

ka(Eij)ej = Z €j,i(J, I)@I.
1€y,

7w, (Eij)er = djie; = {

One can check that the following statement holds.
Lemma 2.2. Let I,J € I}, and suppose that
I={i1,...,ik}, J=4j1,---,Jk}, whereiy <...<iy, and j; < ... < Jg.
Then, for any i,j € {1,2,...,n} the coefficient €; j(I,J) can be found explicitly via the formula
(=)™, dfiel, jeJand I\{i}=J\{j},
0, otherwise.

(210) €j’¢(J,I) = {

Here in the first case m is equal to the number of inversions in the permutation

jla s 7j7‘—1a iaj?"-i—lv cee 7j/€
of the sequence iy, ..., i, where the index r € {1,2,... k} is such that j,. = j.
Recall that the elements of C,, (gl,,) can be regarded as polynomial d(wy) X d(wg)-matrix-valued functions
on g (recall that we identify End V,,, with the space of d(wy) X d(wy) matrices). Since elements of basis V,,, are

enumerated by k-element subsets of {1,2,...,n} we can parameterize matrix elements of A € C,, (gl,,) by pairs
of elements of Zj,.

2.5. Ordering on 7. Define a natural ordering on Zj, as follows: for any k-element subsets I = {iy,...,ix}
and J = {j1,...,Jk}, where i; < ... <1y and j; < ... < jg, we say that I < J if either

4. i <j1+ ...+ Jk
or there exists s < k such that

4o +i- <j14+...4+jr

for all = 1, s with a strict inequality for r = s. We use the introduced ordering on Z; to enumerate vectors of
basis {er}rez,. We identify each element End V,,, with its d(wy) x d(wg) matrix in basis {e} ez, -
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3. CLASSICAL CASE

3.1. Generators of Kirillov algebra. Recall that we identified C,, (g!,) with GL,-equivariant polynomial
maps on gl,,. Thus, we can regard elements of C,, (gl,,) as matrices whose entries are polynomials in z;;. Define
certain distinguished elements of C,, (gl,,) as follows: set

n

(3.1) Vo = T (X™) = Y 7 (Big) - (X5

ij=1

Here X = {x;;}}';_, is regarded as gl,-valued polynomial function on gl,,. We also put ¥ =Y.
In particular, for any I, J € Z;, we have

n

Yilrs = D (L, ) - [X™]i5

i,j=1
Lemma 3.1. For any positive integer m the elements Yy, and tr(Y,,) belong to C,, (gl,,).

Proof. This can be proved by checking directly the condition (1.2]). |

We will show later that elements Y, and tr(Y;,) generate the whole algebra C,, (gl,,) (see Proposition [3.4)).

3.2. Equivariant cohomology of the complex Grassmannian. Consider the complex Grassmannian Gr(k,n)
of k-dimensional subspaces in a n-dimensional complex vector space. We will consider the GL,,-equivariant co-
homology ring H¢p, (Gr(k,n),C) of Gr(k,n) with complex coefficients. It is known that the GLj,-equivariant
cohomology of the complex Grassmannian of k-planes in n-dimensional vector space has the following algebraic
presentation:

(3.2) Heyp, (Gr(k,n),C) =Clp1,. -+, Py 1y -+ s Gk @1, - - -, an] /coeffs(p(t)q(t) — a(t)),

where coeffs(p(t)g(t) — a(t)) is the ideal in Clp1,...,pk,q1,-- ., qn—r] generated by the coefficients of the poly-
nomial p(t)q(t) — a(t), where we define

pt) =t" +pit e, qt) =t @t T 4 g,
a(t) =t" +art" "' 4 ... +ait + ao.

In other words, the ideal I is generated by the elements

Gy — Z Diqj, 7':].,72.
i+Jj=r

In particular, the corresponding ring is commutative. It can be shown that as complex algebra it is isomorphic
to the polynomial algebra Clp1,...,0k,q1s- -, Gn—k]-
The following isomorphism is proved in [§]:

(3.3) Cui(0l,) =~ HEy, (Gr(k,n),C) ~Clp1,...,Pr,q1s - -+ Gk, A1, - - -, an] /coeffs(p(t)q(t) — a(t)).

Remark 3.1. This is one instance of the observation due to Panyushev that certain classical family algebras
are isomorphic to equivariant cohomology rings of algebraic varieties. In particular, in the case of minuscule
representations the corresponding variety is a generaized flag variety. We refer the reader to [11l Section 6] for
more information.

On the other hand, we also have the following isomorphism of algebras
(34) (C[pl, ey Pksqly e s Qn—kys A1y .. ,an]/coeffs(p(t)q(t) — a(t)) >~ (C[tl, . ,tk, tk+1, . ,tn]GkXG”_k,

where the group & x &,,_ acts naturally on tq,...,tg, tk+1,...,t, i.6. by permuting separately the first k
variables and the last n — k£ variables. The last isomorphism acts on the generators p;, g;, a, as follows:

(35) pi (71)161(151 oo ;tk)a q; — (71)J6J(tk+17 v 7tn)7 Qr — (71)7‘67"(1517 e 7tk7tk+1a v atﬂ)

Here ¢; is the I-th elementary symmetric polynomial (see [3] for more information about the symmetric func-
tions).

We discuss the isomorphism between C,, (gl,,) and Clt1, ..., tg, ter1,- .., t,]SXS»=* in more detail in Sub-
section 3.4. We obtain this isomorphism independently using only algebraic methods.
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3.3. Diagonalization homomorphism. Consider the following evaluation map from Clz;;, i,j = 1,n] to
Clti,...,t,]: for any polynomial F' in z;; define
U(F) = F|£Uij:5ijt7:'

Recall that we regard the elements C,,, (gl,,) as d(wr) X d(wy)-matrices with entries in C[z,;, 4,5 = 1,n]. By
extending the map ¥ entry-wise onto Mat(d(wx), Clzsj, 4,7 = 1,n]) we can define the homomorphism Diag on
C., (gl,) as follows:

Diag: Cu (g1,) — Mat(d(wy), Cltr, .. 1)),
where
Diag(A) = ¥(A).

In other words, we evaluate the matrix-valued polynomial function A in variables x;; at zy = t;, x;; = 0 for
i 7.
Remark 3.2. One can regard ti,...,t, as coordinates on the Cartan subalgebra h C gl,, i.e. the abelian
subalgebra consisting of the diagonal matrices. Then, one can view Diag(A) as a restriction of A to b.
3.4. The maps ;. For any I € Z;, denote by t; the map

Yr: Cuy(0l,) = Clta, ..., tn], ¥1(A) = [Diag(A)lrr.
Proposition 3.2. (a) For any I € I, 0 € &,, and any A € C,, (gl,,) we have

(3.6) Vo(r)(A) = (Y1 (A)).
(b) The image of Diag consists of diagonal matrices and for any I € Tj, the map ¢y is an algebra isomorphism
between Cy, (gl,,) and Clty, ..., t,])5t2Pn (),

Remark 3.3. The symmetric group &,, naturally acts on {1,2,...,n}. This gives rise to a natural &,-action
on the family 7j, of all k-element subsets of {1,2...,n}. Note that for any I € Zj, the stabilizer of I under the
action of &, is isomorphic to & x &,_j. We denote this subgroup of &,, as Stab,, (I).

Remark 3.4. The symmetric group &,, naturally acts on Clty,...,t,] via
(Of>(t17 s 7tn) = f(ta(l)a v ata(n))
and thus we can consider the Stab,, (I)-invariant part of C[ty,...,,].

Proof. Recall that elements of C,, (gl,,) can be characterized by the following condition

(3.7) T (9) A(X) 70, (9) 7" = A(Ad(9)(X)) for all g € GL,, X € gl,,.
It follows that for X € h and diagonal invertible matrices g we have

(3.8) T (9) A(X) T, (9) 71 = A(X),

and hence

Ty (g) Diag(A)ﬂ-wk (g)il = Dla‘g(A)
Therefore, for any Y € h we have
[, (Y),Diag(A)] = 0.
Since all weights of the representation 7, are distinct, the latter implies that Diag(A) is a diagonal d(wy, ) x d(w)-
matrix.
To prove the second part of the proposition we take X € h and g = p(0) in , where 0 € &,, and
p: 6, — GL, is a standard representation of &,,. It follows that for any I € Z;, and any o € &,, we have

(3.9) [Diag(A)lo(1)0(r) = o ([Diag(A)]11), i-e. Yo (A) = o(¥1(A)).

Thus, Diag(A) € C[ty,...,t,]5?Pn),

Since Diag(A) is a diagonal matrix and ¥ is homomorphism, the map ¢;: A — [Diag(A)]ss is an algebra
homomorphism from C,, (gl,,) to C[ty,...,t,]5@Pn),

Now let us prove that the 17 is injective for any I € Zj. Indeed, assume that for some A € C,, (g) we have
[Diag(A)]rr = 0. Tt follows that ¥(A) = 0. In other words, the polynomial function A: gl, — Mat(d(w) X d(wy))
vanishes on . The condition implies that A also vanishes on the Zariski dense subset of semisimple elements
of gl,,. Thus, A =0.

Finally, to prove the surjectivity of the map ¥; we need the following lemma.

Lemma 3.3. (a) The map Diag acts on elements Yy, and tr(Y™) as follows:

(3.10) Yr(Ye) = 0, r(tr(Y®) = ) (Zt,) .

i€l JET, “ied

(b) The elements ., tf, 8=0,k and ZJGI;C (Ziej ti)r, a = 1,n — k generate the algebra Clty, . . ., t,]3tPn (),
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Proof. The part (a) of the lemma follows from direct computations and the part (b) is a consequence of some
general facts about symmetric functions. O

Remark 3.5. In order to obtain the isomorphism mentioned in Subsection 3.2 we just need to take I =

(1,2,....k}.

Since elements Y;,, and tr(Y™) belong to C,, (gl,) and their images generate Cl[ty, ..., %,]5%*P»() the map
A [Diag(A)]s; is surjective. O

In the course of the proof of Proposition we also proved the following fact.

Proposition 3.4. Kirillov algebra C,, (gl,,) is generated by elements Y,,, m > 0 and traces of powers of Y.
Moreover,

(3.11) Con (81,) = (Y0, Y1, ..., Vi, tr(Y), ..., tr(Y™7F)).

3.5. Derivation of the formula for D. In case of g = gl,, we define an invariant form as follows:

(3.12) B(X,Y)=tr(XY) = Y a(X)z;(Y).
ij=1

In particular, the dual basis of { £;}}';_; with the respect to B is { Ej; } Therefore, the action of D-operator

can now be rewritten as follows:

(3.13) D(A) = Y mu (Eji) -

1,j=1

n
ij=1"

0A

BEZ-J- '

From now on we interpret matrix elements of A as polynomials in variables x;; (which in turn are elements of

gl’). Then, it is clear that % corresponds to %. For any J, K € 7, the matrix element [D(A)] i of D(A)
ij ij

can be expressed as follows:

(3.14) DAL= 3 3 o (Bl sr [;’;‘} =Y Y Ok

Oxi;
ij=11€T; i,j=11€T; v

We use the isomorphism from Proposition [3.2
Proposition 3.5. Let I € I, and let I' = {1,2,...,n} \ I. Then, the operator
proDot;t: Clty,... 1,5 = Clty, ... 1,50 (D

acts as the following operator

0
ZaTiJr > oy

il iel, jel
Remark 3.6. Note this operator is not differential, i.e. does not satisfy the Leibniz rule.
To prove Proposition we need two technical lemmas.

Lemma 3.6. For any indices i,j and any positive integer 3 we have

B—1
9 Bl — YR, XP7—1
(3.15) P [XP] = ;X Ei; X .

In particular, for any indices ', j' we have

-t L,
(3.16) \p( 9 [Xﬁ]i, ) _ J0indj - tft]l, i #
Ozi; ’ Sy - B, =
Proof. We have
) B—1 P B—1
(3.17) T RUEDIP ¢F (am__x> X =N XTE X
ij =0 ij =0
and hence,

B-1 5-1

a il —_——

¥ (o DXy ) = 3 (VOO W R, = bty 378
() ~=0 =0

which is equivalent to the formula above. (I
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Lemma 3.7. For any indices ,j, any I,J € Iy and any positive integers o, 5 we have

B

tj . .
(318) L\ <8[YQ]IJ> _ EzJ(I J) t —t; 17 1 7& Js
8Iij 61‘73‘(1, J) ,Btf 5 1= j

and

(3.19) v (5wl ) = {%u )2 (et = (Byes 1)°) - i

Oy eig (L) Bty (X erth) i =

In other words,

0 a _ giyj(-[v J) 'aij(wIO/a))’ { 7£.7
(3.20) v (ax[yﬂ hJ) - {ai,ju, 7 2 Wr(Y$), i =4,

Proof. Note that

v (82)2»]»[5%]1) N z”: eug (L J) - ¥ (@i‘j [Xﬁ]ilj)

/ / 1
Applying Lemma we obtain the first equahty. For the second one note that

v <£[Yﬂa}u> = az_:l[\IJ(YB)V]H [\1/ (afij Yﬂﬂ y (W (Y5) ",y =

1) 770
a—1 K et
0
= ] | Y, th
S| v(zen)| (T4
v=0 \p€l pEJ
If 4 # j, then we can rewrite the last expression as
¥ a—y—1 o a—vy—1
S(se) p(2n)] (o) et ¥ (xe) (se) -
P O I : Tt : 3
v=0 \pel peJ v=0 \pel peJ

(e} (e}
tf - tf— (Zpel t167> - (Zpel tf’))
ti=1 >pes ty — 2oped ty

Now note that if &; ;(I,.J) # 0, then we have i € I, j € J and I\ {i} = J \ {j} (see Lemma [2.2). Therefore, if
i # j, then

= Eiﬁj(I, J)

(ZpEI tf,)ti : t(jzpe] tﬁ) _ 5i,j(I’ J) al.j thj

9 o
g <a.’IJU[Yﬁ ]IJ) :Ei,j(I, J)

pel
If i = j, then &; j(I,J) # 0 only if I = J and 7 € I and in this case
~ a—y—1 a—1
'S 9 B-1 s
B B _
S (Zu) [r(mn)] (Ze]  —awnsa(Sg) -
v=0 \pel J 1J \peJ pel
[e%
—c. (I.J 9 th
—Ez,J( ) )87757, Z p
pel
To conclude the proof it remains to note that ¢ (Yg') = (Zpel tg) (see Lemma . O

Lemma 3.8. Leti and j be distinct elements of {1,...,n}. Then, for any polynomials {f,}71 in C[t1, ..., t]
the following identity holds

(3.21) 0ij <H fr) = Zsij (H fq) i (fr) (H fq) :

Proof. For m = 2 it follows from

Induction on m now gives the general case. (]

Remark 3.7. This identity may be considered as an analogue of Leibniz rule for divided differences.
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Proof. In order to recover the action of D it suffices to understand how it acts on the basis elements. Suppose
that

(3.22) A= H (Yor) Hygs
Then

(3.23) [D(A)]sx

l
eii (I, J)  9Ax Z > ei(l,d) a [ ere)-
O0x;; Tij \ o

1,j=11€T} 1,j=11€T} s=1
n l m l m
(0% a (0%
(3.24) = > ei;(I,J) (Htr(Y DR [Tvs.| + T <Htr(Y r)) 11 v )
i,j=11€Ty r=1 Y Ls=1 IK Y \r=1 s=1 K
Thus,
n l m
o 0
V(D(ANx) = > 3 eilh ) [ ey - v (a I1v. >+
i,j=11€Ty r=1 Y s=1 IK
n l m
6 «
+ Z > e, ) v <ax1j <Htr(Y ))) v (H Ym) -
i,j=11€T} r=1 s=1 IK
l n m
o 0
=[] eren))- > > e, ) (8% I1vs. ) +
r=1 i,j=11€Ty Y Ls=1 K
m n l
a «
+ | (H Y55> . Z i (K, J) W (axij (H tr(Y ))) ,
s=1 KK t,j=1 r=1
or
U([D(A)] k) = H (tr(Yor)) - Sp(J, K) + <H ) (], K),
where
n l
(3.25) Sa(J,K)= > ey(K,J)¥ <8x (H (Yeor) ))
i,j=1 U \r=1
8 m
(3.26) Z > eyl a)v <axij I1vs. ) :
i,J=1 1€} s=1 IK
Here we used the fact that ¥ maps C,,, (gl,,) to diagonal matrices.
We now simplify these two expressions S, (J, K) and Sg(J, K) separately. Note that
a m m
W <ax~ 115 ) = 1> ] v | ¥ (Yﬁ ) IT v(s)
o s=1 IK s=1 \1<r<s s<r<m IK

However, all matrices ¥(Y}3) are diagonal and hence,

(ot [f],) =S (I wos) [z, T woses) -
Emj (H Y1(Ys, ) (88 [Vs,] IK) ~ (H Y (Yp, )

s=1 \r<s r>s
IK)

= Z > gij(lv‘]);ml (HW(YBT)) v (88” [Ys, 1K> : (Hz/};( (Y3, >

i,j=11€Zy r<s r>s

Therefore,

Ss(JK)= > > eI, )V ( e

t,j=11€ly

s=1

Lemma1mphes that ¥ ( [YB ]IK) is zero unless €; ; (I, K) = 0. Note that if J # K, thene; (I, J)e; ;(I, K) =
0 for all 4,5 € {1,...,n} andIEIk Thus, Sg(J,K) =0if J # K.
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Now assume that J = K. Then, we can split the first summation in Sg(J, K) and apply Lemma as
follows:

Z > eall, ) Z (H Y1(Ys, ) (1 (Ys.)) (H m(m)) +

=1 I€Ty = r<s r>s
+30N e, ) Z(Hmm) 0i (1(Y3,)) (me)
i#£5 1€y, s=1 \r<s r>s

Since €;;(I,J) =0 unless ¢ € I, j € Jand I\ {i} = J\ {j}, we have (here we denote J' = {1,...,n}\ J)

J) = (2521) (EwJ(YB > +ZZ (st Y,@r ) z](wsJ(J) YB <H¢J Y, >

ieJ! s=1 \r<s r>s
jed
ieJ ieJ’ s=1 r<s r>s
jeJ
ieJ s=1 i€’
jed
It remains to simplify the sum S, (J, K). Firstly, Lemma implies that
0 0
\1/< tr(Y“T)) = \11( [YQT]LL> .
8mij L;k (9{)31‘3‘
Hence, ¥ ( (Y“T)) =0 unless ¢; ;(L,L) # 0, i.e. i = j and i € L. Therefore,
n 9 l
Sa(J, K) :”223161] (K,J)V (8% (U (Yer) )) =
= Zn: & | [Ty | - 0 tr(Yor) ) | =
s 0z
3,j=1 r=1 \q#r

n l
— an(K, J) (H \I'(tr(Yaq))) > %(m(yar))

r=1 \ g#r LeZy
L>i

Now note that for any L € Zj such that i ¢ L we have ¢, (Y®) = (3,c,t)" and hence (%_(z/}L(Y‘X)) =0.
Besides that, if J # K, then ¢,;(K,J) =0 for all ¢ and S, (J, K) =0. If J = K, then ¢;i(J,J) equals 1 if : € J
and 0 otherwise. Thus, in the case J = K we can rewrite the expression above as follows:

l
N=Y 3" (H W(tr(Y“q))) ( >, ftim(wr))) =

ic€J r=1 \ g#r LeTIy

(S (1)

The formulas for S, (J, K) and Sg(J, K) show that [D(A)]; k is zero if J # K. If J = K, then we have

JjeJ

l m
(3.27) U([D(A)]10) = [ (tx(Y7)) - Sp(J, J) + (H V5 (Yp, ) MO
l m
(3.28) = TZI\I/(tr(YO‘T <1€J a% (1:[1 ¥ (Y3,) ) +Z§aﬂ (1:[ Y55)> +

(3.29) + (Hw,,%g) ( 82) [T wr(yer) )

r=1
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Since lezl U(tr(Y*r)) is a symmetric polynomial in variables ¢1,...,t,, we have

l
i (H m(m(y%))) =0

r=1

for all 4, j. Finally, recall that A = Hi:l tr(Yor) -T2, Ya,. It follows that the formula for [D(A)];; above can
be rewritten as

0
¥ (D(A) = Y([D(A)]ss) = <Z (’%) (P (A) + D 0i;(vs(A)).
ieg " ieJ’
J€J
Therefore, the linear operator ¢ ;0 Doty ;! acts as Yicy C%—I—ZZ-GJ/JGJ 0j; on basis elements of Clt1, ..., t,]5tP» ()

and this concludes the proof. O
Remark 3.8. In the course of the proof we showed again that D maps C,, (gl,,) to itself.

3.6. Relations in subalgebras generated by D. Recall that the GL,-equivariant cohomology ring of
Gr(k,n) has the following presentation in terms of generators and relations:

(3.30) Hgp, (Gr(k,n),C) =Clp1,.. ., Py Q1,5 Gnk @1, - - -, an] /coeffs(p(t)q(t) — a(t)).

Using the isomorphism from Subsection 3.2 we can identify H¢; (Gr(k,n),C) with Kirillov algebra C,, (gl,,).
It is known that under this identification the elements {a;}?_; are generators of the ring Clgl,]9".

Remark 3.9. In fact, a,, as an invariant polynomial on gl,, is just the m-th elementary symmetric polynomial

in eigenvalues of the corresponding element in gl,. This can also be seen from (3.5) and properties of the
diagonalization map.

In particular, we can define the action of D-operator on H¢ (Gr(k,n),C). It is known that for any classical
family algebra the image D(Cl[g]?) lies in the center of C,(g) (see [4, Theorem M]). In particular, it means that
Clg]® and D(C[g]?) generate a commutative subalgebra inside C,(g). We now can apply the results obtained
for C,, (gl,,) to describe the corresponding commutative subalgebra in that case.

Using the isomorphism , formulas and formula for the action of D one can obtain the following
explicit formula:

(3.31) D(ay) = > (k—1i)pig;.
i+j=r
Using ideas from the elimination theory we can obtain explicit relations between D(a;). Indeed, recall that
(3.32) ar = Z Dig;-
i+j=r

The relations (3.32) and (3.31) can be simplified if we add auxiliary variable ¢ and extend the action of D on
polynomials in ¢ with coefficients in H¢ (Gr(k,n), C):

D(a(t)) = p'(t)q(t), a(t) = p(t)q(t),
where

a(t) =t" +art" ' 4. +a,,

p(t) =" +puit"

gt) =t" L @t" P L gk

For convenience we also define ag =1, pg = 1 and gg = 1.
It follows that a'(t) — D(a(t)) = p(t)¢’(t) and a(t) = p(t)q(t) have a common divisor p(t) of the degree k.
Then, the properties of the Sylvester matrix give the relations between elements a, and D(a,,).

Proposition 3.9. Denote b, = D(apy1) for all m = 0,n— 1. Then, all (2n — k) x (2n — k) minors of the
following (2n — 1) x (2n — 1) matriz

ag al Ap_1 an 0o ... ... 0
0 ag Ap—1 a, 0 ... 0
(3.33) 0 ... ag ai as G
naofbo (n—l)al—bl an_l—bn_l 0 0
0 nao—b() anfl—bnfl 0 0
0 0 nao—bo (n—l)al—bl a'n—l_bn—l

are zero.
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4. QUANTUM CASE

4.1. Characteristic identities. Here we describe a general algorithm due to Gould [6] which produces a
Cayley-Hamilton type identity for any M-element M, in Q,(g), where A € Z(U(gl,,)). We refer the reader to
the original paper [0] for more details.

Let p1, ..., be all distinct weights appearing in the irreducible representation V,,. Then, one can consider
the following polynomial functions on b:
1 *
(4.1) filA) = 5 00u: (4) = xa(4) = xu(4)), Aeb™.

Here x is the infinitesimal character of U(g) that corresponds to a weight A.

It is known that the twisted Weyl group W acts on {p1,-..,m} and hence permutes functions { fi,..., fi}.
Therefore, the coeflicients ¢;(\) of the polynomial

(4.2) N o a(A) = (= L) (= fi(N)
are W-invariant functions on h*.

Recall that Harish-Chandra isomorphism I': Z(U(g)) — S(h)f"7 acts as (T'(A))(A) = xa(A) for C € Z(U(yg)).
Gould proved the following fact.

Proposition 4.1. For any A € Z(U)(g) the polynomial
(4.3) T e O+ + T g(N)
annihilates the M-element Ma € Q,(g).

Remark 4.1. The main difficulty in finding the explicit formulas of this polynomial is the computation of
elements T'~1(c;(\)). That is because there is no convenient formula for the inverse of Harish-Chandra map

=1 S(h)" — Z(U(g))-

4.2. M-operator for the quadratic Casimir. We prove here the analogue of Cayley-Hamilton identity. One
can view these identities as generalizations of the well-known Capelli’s identity. Namely, in case g = gl,, and
1 = wi the row determinant

Ell—t E21 Enl
E12 Egz—t—l En2
rdet
Eln Egn Ennftf(’flfl)

annihilates M and this is closely related to the Capelli’s identity.

It turns out that the characteristic identity of the M-operator of quadratic Casimir element in Q,, (gl,,) can
be written in a way very similar to Cayley-Hamilton theorem. Define the diagonal matrix @ € Mat(d(w), d(wg)
as follows:
k(k+1)

Qk = diag([Qk]H, I e Ik), where [Qk][[ = ZZ — 5

Now define the “correction” of M-element Mo as “
Mc = Mc — Q.
Proposition 4.2. The row determinant of the matriz M\C —t-1Id annihilates M¢, i.e.
(4.4) rdet(Mg — ¢ - 1d)|;—s, = O.
Remark 4.2. In the classical case Cayley-Hamilton implies that det(Me — ¢ - Id)|t=pr. = 0, so we do not

have any corrections (i.e. Q). Thus, one can regard the identity above as a quantization of Cayley-Hamilton
identity for Mo in the classical case.

Example 4.1. In the case g = gl, and p = wy we have the following matrix:

Ein+ Ex Eso Eyo —E3; —En 0
L3 B+ E3z3—1 Ey3 E>y 0 —Ey
Mo = B3y B34 B+ FEyy —2 0 B L3y
—E13 Eqo 0 Eoy + E33 —2 Ey3 Es3o
—Ey 0 Eq Es3y Eoy + FEyy —3 Es3o
0 —E Es3 —FEay Eo3 Es3+ Eqq — 4

and the theorem states that the row determinant rdet(]\//jc —t-1d) annihilates the element M¢. The correction
Q2 in this case is just the diagonal matrix diag(0,1,2,2,3,4).

Proof. The proof relies on the following lemmas.
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Lemma 4.3. The coefficients of the polynomial rdet(J\/I\c —t-1d) belong to the center of the universal enveloping
algebra U(gl,,).

o~

Lemma 4.4. The image of the polynomial rdet(M¢ —t -1d) € U(gl,,)[t] under the map T' equals

H <2En—t— [Qk]u> c U(h).

I€T, \iel

Remark 4.3. Note that elements E;; belong to U(h) and commute with each other. Hence, the product above
is well-defined.

Proof. Denote for brevity m = (Z) and suppose that Iy,...,I,, is the sequence of all elements of Z; in the

increasing order (we use the ordering defined in Subsection 2.5). Let Ar; be the (I, J)-entry of the matrix M.
The definition of My implies that

n

Mc =) 7, (By) ® Eji,

ij=1
where 7, (E;j)es = Zlezk €;j,i(J,I)er. Therefore,

Ay =Y i, D)Eji — 61(t + [Qul1r).
ij=1
It follows that if I < J and I # J, then Ar; € n_ and if I = J, then A;r =), By —t — [Qx]rr € U(h).
We have
rdet(Mc —t- Id) = Z sgn(U)AhIU(l) N A[mjg(m).
eSS,

Now we claim that for any o € &, \ {id} the product A1, ... Ar,1,,, belongs to n_U(gl,). Indeed, fix
o€ 6, \ {id} and let r € {1,2,...,m} be the minimal index such that o(r) # r. Then, clearly, o(r) > r and
Ia(r) = 1,. ThU.S7 A[r[d“) €n_ and

AhI ..A[ I

o(1) mlo(m)

=Ann A, A
.. A]m[

AI I

o(r) mlo(m

, €n_U(gl,).

This means that I' maps each product Ay, with o # id to zero. On the other hand, I' maps

U(h) to itself, so

Ioy -

o (m)

r (rdet(M\c —t- Id)) = H (Z By —t— [Qk][[) )

1€Z;, \iel

as claimed. 0O

To finish the proof we need to check in the case of quadratic Casimir the functions f1,..., fm, € S(b) coincide
with {3, c; Eii — [Qrlrrtrez, C U(b) if we identify S(h) and U(h). This is the content of the following lemmas.

Lemma 4.5. Let C = 2211 X'X; be the quadratic Casimir. Then,
XA(C) = (A, A+ 2p),

where p is the half-sum of all positive roots of the reductive Lie algebra g. Here (-,-) is the pairing on b* induced
by invariant bilinear form B on b.

Proof. See [6l Section 2]. O

Lemma 4.6. Let {p;}_, be the basis in §* dual to basis {Ey;}1, in'h. Then,
(a) The set of all distinct weights of the irreducible representation V,,, is {j1}1ez,, where pr = .c; pi-
(b) In the case when A = C' is the quadratic Casimir element, the functions defined in Subsection 4.1 have
the following explicit form:

. k(k+1
(4.5 fr) = S0 =Y i ML,
i€l iel
Proof. The part (a) follows from the fact that {e;};ez, is a basis of V,,, and it is not difficult to check that ey
is the vector of the weight u;.
For the part (b) we apply the formula (4.1f):

_ 1!

fr(\) 5

(A pr, A+ pr +2p) = (A A+ 2p) — (Wi, Wi + 2p)).
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. k n .
Since pur =Y cr pis Wk = Y11 Pir P = 5 >y (n+1—2i)p; and (p;, p;) = B(Eyi, Ejj) = 6;;, we have

1
F10) = 5 (@A 420+ prs ) = (@, @i +20)) = (N ) + (1, p) —wr, p) =
1 1<

ZZ()\mi)‘i‘iZ(”*'l—Ql)—i , (n+1-2j)=

i€l i€l j=1
o k(k+1

:Z()‘vpl) _Zl—‘r%v

i€l iel
as was claimed. 0

Finally, under the identification of S(h) with U(h) the expression for f; in the lemma above corresponds to
> icr Eii — [Qk]rr and this concludes the proof. ]

5. CONCLUSION

There are several questions related to Kirillov algebras which remain open. Firstly, it seems that the D-
operator plays an important role in studying classical family algebras. In particular, using this operator one
can construct commutative subalgebras inside C,(g). Since classical family algebras of certain classes, e.g.
corresponding to weight multiplicity free representations, are isomorphic to equivariant cohomology rings of
algebraic varieties, it might be interesting to understand the D-operator in terms of geometry.

Question 5.1. What is the geometrical meaning of the D-operator (at least in the weight multiplicity free
case)?

On the algebraic side, we do not know any convenient way for the calculation of the action of D-operator in
general case. Our results in case Cy, (gl,,) were obtained by direct computations.

Question 5.2. Is there a natural coordinate-free description of the D-operator on arbitrary classical Kirillov
algebra C,(g)?

The study of quantum family algebras is much harder than in the classical case. In particular, even for
Q.. (gl,,) we do not have explicit presentation of this algebra in terms of generators and relations (but we do
know that Q,, (gl,,) is commutative). Using some non-trvial results from the theory of universal enveloping
algebras we were able to find some identities for M-elements. However, it is unclear how one can get relations
between different M-elements. The diference between classical and quantum cases here is that in the latter case
we do not have an analogue of the “diagonalization map”.

Question 5.3. How to describe the quantum family algebra Q,,, (gl,,) in terms of generators and relations?

Finally, one might expect that quantum family algebras correspond to some “quantized” versions of equi-
variant cohomology rings of certain algebraic varieties. However, here we do not even know what might be the
suitable cohomology theory.

Question 5.4. Is there any geometrical description of quatum family algebras, e.g Q. (gl,,)?
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